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Chapter 1

Gaussian measures

This chapter is devoted to some basic results on Gaussian measures on
separable Hilbert spaces, including the Cameron-Martin and Feldman-Hajek
formulae. The greater part of the results are presented with complete proofs.

1.1 Introduction and preliminaries

We are given a real separable Hilbert space H (with norm |- | and inner
product (-,-)). The space of all linear bounded operators from H into H,
equipped with the operator norm ||-||, will be denoted by L(H).If T' € L(H),
then T* is the adjoint of T. Moreover, by L™ (H) we shall denote the subset
of L(H) consisting of all nonnegative symmetric operators. Finally, we shall
denote by B(H) the o-algebra of all Borel subsets of H.

Before introducing Gaussian measures we need some results about trace
class and Hilbert-Schmidt operators.

A linear bounded operator R € L(H) is said to be of trace class if there
exist two sequences (ag), (by) in H such that

o0

Ry - Z<y7 ak>bk7 y e H7 (111)
k=1
and
> Jag] [be] < +oo. (1.1.2)
k=1

Notice that if (1.1.2) holds then the series in (1.1.1) is norm convergent.
Moreover, it is not difficult to show that R is compact.

3



4 Chapter 1

We shall denote by L1 (H) the set of all operators of L(H) of trace class.
Li(H), endowed with the usual linear operations, is a Banach space with
the norm

IRl L, (sr) = inf {Z lak| [be] : Ry = (y,an)be, y € H, (ax), (br) C H} :
k=1 k=1

We set L (H) = LT (H) N Ly(H). If an operator R is of trace class then its
trace, Tr R, is defined by the formula
[e.e]
Tr R= (Rej,e)),
j=1

where (e;) is an orthonormal and complete basis on H. Notice that, if R is
given by (1.1.1), we have

Tr R = Z<aj, bj).
j=1

Thus the definition of the trace is independent on the choice of the basis
and

Tr Bl < [|Rl|z, (s1)-

Proposition 1.1.1 Let S € Li(H) and T € L(H). Then
(1) ST, TS € L1(H) and
NSy cmy < NSy 17N 15T 2y mry < SNy e 1T

(ii) Tr(ST) = Tx(TS).

o0 o0
Proof. (i) Assume that Sy = Z(y,ak)bk, y € H, where Z lag||bg| < 4o00.
k=1 k=1
Then
o
STy = (y,T"ax)by, y € H,
k=1
and

[o¢] (0.0
> T ag||or] < (TN lar]brl-
k=1 k=1
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It is therefore clear that ST' € Li(H) and ||ST ||,y < ISz, ) || Sim-
ilarly we can prove that || TS|z, (zry < S|z, ) I T]]-

(ii) From part (i) it follows that

00 oo
:Zbk,T ak :ZTbk,ak
k=1 k=1

WE

In the same way Tr (T°'S) = » (ax,Tbg), and the conclusion follows. O

B
Il
—_

We say that R € L(H) is of Hilbert-Schmidt class if there exists an
orthonormal and complete basis (e) in H such that

Z [(Sex, e;)]? < +oc. (1.1.3)
k=1
If (1.1.3) holds then we have
§:|Sek|2 Z [(Sep, e;) |2 Z |(ex, S™ej)|* = Z]S*ej|2. (1.1.4)
9.] 1 7,] 1 ] 1
Now if (fx) is another complete orthonormal basis in H, we have
o0 o0 o0 o0
D ISFmlP= Y [Sfmeen) = D fm, S en)l> =D [5"enl.
m=1 m,n=1 m,n=1 n=1

Thus, by (1.1.4) we see that the assertion (1.1.3) is independent of the choice
of the complete orthonormal basis (e;). We shall denote by La(H) the space
of all Hilbert-Schmidt operators on H. Lo(H ), endowed with the norm

HSH%Z(H) = Z (Sek, ;)] Z\S€k|2

k,j=1
is a Banach space.
Proposition 1.1.2 Let S,T € Ly(H). Then ST € Li1(H) and

STy ey < SN Lo 1T || £o (1) (1.1.5)
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Proof. Let (ex) be a complete and orthonormal basis in H, then

o0 oo

Ty = Y (Ty.er)er =Y (y, T er)er,
k=1 k=1
(o)

STy = Z(y,T*ek>Sek.
k=1

Consequently ST € Li(H) and

0o 00 1/2 00 1/2
STz, ) < ZrT*ekHSek\s<ZrT*ekP> (Zsmz)

k=1 k=1 k=1

= Tl oIS Loy

Therefore the conclusion follows. O

Warning. If S and T are bounded operators, and ST is of trace class
then in general T'S is not, as the following example, provided by S. Peszat
[183], shows.

Define two linear operators S and 7' on the product space H x H, by

s=(30) =(12)

00 0 A
ST_(B 0>’ TS_(O 0)’

and it is enough to take B of trace class and A not of trace class. O
We have also the following result, see e.g. A. Pietsch [187].

Then

Proposition 1.1.3 Assume that S is a compact self-adjoint operator, and

that (\) are its eigenvalues (repeated according to their multiplicity).
o

(i) S € Li(H) if and only if Z |A\k| < +o00. Moreover ||S|| L, (m) = Z BYAR
k=1 k=1

and Tr S = Z M-
k=1

(ii) S € La(H) if and only zfz IAk|? < +o0. Moreover
k=1

00 1/2
151 () = (Z P\kl2> :

k=1
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More generally let S be a compact operator on H. Denote by (M)
the sequence of all positive eigenvalues of the operator (S*S)l/ 2 repeated
according to their multiplicity. Denote by L,(H), p > 0, the set of all
operators S such that

0 1/p
1SNz, 2y = (Z/\i> < 400. (1.1.6)
k=1

Operators belonging to Li(H) and Lo(H) are precisely the trace class and
the Hilbert-Schmidt operators.
The following result holds, see N. Dunford and J. T. Schwartz [107].

Proposition 1.1.4 Let S € L,(H), T € Ly(H) with p > 0,q > 0. Then
ST € Ly(H) with + = 2+ 1 and

ISz, cy < 21 (o) | T g - (L.1.7)

1.2 Definition and first properties of Gaussian mea-
sures

1.2.1 Measures in metric spaces

If F is a metric space, then B(E) will denote the Borel o-algebra, that is the
smallest o-algebra of subsets of E which contains all closed (open) subsets
of F.

Let metric spaces F1, Es be equipped with o-fields &1, & respectively.
Measurable mappings X : Fy — FE5 will often be called random wvariables.
If 1 is a measure on (E1, &), then its image by the transformation X will
be denoted by X o p :

Xopu(A)=puX7(4), A€é&.

We call X o p the law or the distribution of X, and we set X o u = L(X).

If v and p are two finite measures on (F, ) such that I' € £, u(T') =0
implies v(I') = 0 then one writes ¥ << p and one says that v is absolutely
continuous with respect to u. If there exist A, B € £ such that AN B = ),
u(A) = v(B) =1, one says that p and v are singular.

If v << p then by the Radon-Nikodym theorem there exists g € L (E, &, )
nonnegative such that

v(l) = /Fg(a:),u(dx), reé€.
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The function g is denoted by Z—Z.

If v << p and p << v then one says that p and v are equivalent and
writes @ ~ v.

We have the following change of variable formula. If ¢ is a nonnegative
measurable real function on Fs, then

| ex@nntdn) = [ owx o utay) (1.2.1)
B4 Es

Let 1 and v be two measures on a separable Hilbert space H; if Tou =T ov
for any linear operator T': H — R", n € N, then u = v.
Random variables X, ... , X, are said to be independent if

L(X1,. .., Xn) = L(X1) % - x L(Xn).

A family of random variables (X, )ac4 is said to be independent, if any finite
subset of the family is independent.

Probability measures on a separable Hilbert space H will always be re-
garded as defined on B(H). If 1 is a probability measure on H, then its
Fourier transform is defined by

i) = [ Outdn), v e Hs
H

i is called the characteristic function of p. One can show that if the char-
acteristic functions of two measures are identical, then the measures are
identical as well.

1.2.2 Gaussian measures

We first define Gaussian measures on R. If ¢ € R we set
Noo(dzr) = 04(dx),

where ¢, is the Dirac measure at a. If moreover A > 0 we set

1 _(@—a)?

e 2x dwx.
V2T

The Fourier transform of N, y is given by

No(dz) =

Naa(h) = / e N, \(dx) = e p e R
R

)
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More generally we show now that in an arbitrary separable Hilbert space
and for arbitrary @ € Li (H) there exists a unique measure N, g such that

)

Noa(h) = /H ¢h) N, o (da) = o) =3@h) ¢ |

Let in fact Q € L{(H). Then there exist a complete orthonormal system
(ex) on H and a sequence of nonnegative numbers (\;) such that Qe, =
Ager, k € N. We set zj, = (z,ep),h € N, and Pz =Y, xper,x € H, n €
N. Let us introduce an isomorphism v from H into ¢2: (1)

x€H — ~(x)=(xp) € 2.

In the following we shall always identify H with ¢2. In particular we shall
write P,z = (21, ..., 2y), © € 2,

A subset I of H of the form I = {x € H : (x1, ... ,x,,) € B}, where
B € B(R™), is said to be cylindrical. It is easy to see that the o-algebra
generated by all cylindrical subsets of H coincides with B(H).

Theorem 1.2.1 Leta € H, Q € L] (H). Then there erists a unique proba-
bility measure p on (H,B(H)) such that

/ o) y(dx) = elam) =3 @) ¢ |, (1.2.2)
H

Moreover u is the restriction to H (identified with £?) of the product measure
o (o]
>< Kt = >< Na
k=1

k=1

defined on (R, B(R*®)). (?)

K>k

We set 1 = Ny g, and call a the mean and @) the covariance operator of p.
Moreover No g will be denoted by Ng.
Proof of Theorem 1.2.1. Since a characteristic function uniquely deter-
mines the measure, we have only to prove existence.

Let us consider the sequence of Gaussian measures (p) on R defined as

(o]
pr = Nag e, k € N, and the product measure p = X pp in R, see e.g
k=1

'For any p > 1, we denote by £* the Banach space of all sequences (1) of real numbers
such that |z], := (357, |zk]?)"/? < +o0.
2We shall consider R* as a metric space with the distance d(z,y) =
o] —k |Tr—Yk oo
S 7t menl g e R
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P. R. Halmos [141, §38.B]. We want to prove that u is concentrated on £2,
(that it is clearly a Borel subset of R*). For this it is enough to show that

/ |2|% p(dz) < +oo. (1.2.3)
A

We have in fact, by the monotone convergence theorem,

[ lalntas) = Z / s utde) = Y- ( [ on = st + o

k=1

o0
= Z)\k—i—ak Tr Q + |al* < +oc.
k=1

Now we consider the restriction of u to ¢2, which we still denote by . We
have to prove that (1.2.2) holds. Setting v, = [[;_; px, we have

/42 ei<x’h>u(da:) = lim ei<P"h’P"x>u(d3:)

n—oo [2

— hm €i<Pnh7Pn$) Vn(daj) — hm ei<Pnh7Pna>_%<QP7Lh7Pnh>

n—oo Rn n—oo

If the law of a random variable is a Gaussian measure, then the random
variable is called Gaussian. It easily follows from Theorem 1.2.1 that a
random variable X with values in H is Gaussian if and only if for any
h € H the real valued random variable (h, X) is Gaussian.

Remark 1.2.2 From the proof of Theorem 1.2.1 it follows that
/ |22 N, o(dz) = Tr Q + |af?. (1.2.4)
H

Proposition 1.2.3 LetT € L(H), anda € H, and letTx = Tx+a, x € H.
Then I" o Ny = NTmta,7QT*-

Proof. Notice that, by the change of variables formula (1.2.1), we have

/ FONT o N,y o (dy) = / GOTH N o (dy)
H H

:/ ei()\,Tz+a>Nm7Q(dy) :€i</\,a>ei(T*,\,m>—%<QT*,\,T*,\>_
H

This shows the result. O
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1.2.3 Computation of some Gaussian integrals

We are here given a Gaussian measure N, . We set
L*(H,N, ) = L*(H,B(H), Nug).
The following identities can be easily proved, using (1.2.2).

Proposition 1.2.4 We have

/HxN%Q(da;) = a, (1.2.5)
/H(x —a,y)(x —a,z)Neg(dx) = (Qy,z2). (1.2.6)
/ |z —a|?Nag(dz) = TrQ. (1.2.7)

H

Proof. We prove as instance (1.2.6). We have

/ 2Ny g(dr) = lim PoxNg g(dr).
H

n—oo H

But

(z,—ap)?

H k=1"R

and the conclusion follows. [

Proposition 1.2.5 For any h € H, the exponential function Ey, defined as
Ep(z) =M, zeH,

belongs to LP(H, N, q), p > 1, and
/ e<h’m>Na7Q(d$) = elah)g3(Qhh) (1.2.8)
H

Moreover the subspace of L*(H, Noq) spanned by all Ey, h € H, is dense
on L*(H, No ).

Proof. We have

/ €<Pnh7an> Na,Q(dx) — e<Pna7Pnh>e%<QPnh7Pnh> .
H
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Letting n tend to 0 this gives (1.2.8).
Let us prove the last statement. Let p € L?(H, N, ) be such that

/ e<h’x>cp(a:)Na,Q(dm) =0, he H.
H
Denote by ¢ and ¢~ the positive and negative parts of ¢. Then

[, @Nagldn) = [ 7@ Naqd), he

Let us define two measures

pldz) = o (2)No(dz), v(dz) = ¢~ (2)Nag(da).

Then p and v are finite measures such that

/He<h’x>,u(dx) —/ ey (dx), h e H.

H

Let T be any linear transformation from H into R™, n € N. Then for any
AeR”

/ (AT o u(dz) = /e<)\,Tw)N(dm):/ TN )
n H

H

= /€<T*>\’$>I/(dl‘):/ eMIT o v(dz).
H n

By a well known finite dimensional result T o u = T o v. Consequently
measures 4 and v are identical and so ¢ = 0. O

1.2.4 The reproducing kernel

Here we are given an operator Q € L (H). We denote as before by (ex)
a complete orthonormal system in H and by (\x) a sequence of positive
numbers such that Qer = Aper, k € N.

The subspace Q/ 2(H) is called the reproducing kernel of the measure
Ng. If Ker Q = {0}, QY/2(H) is dense on H. In fact, if zg € H is such that
(QY?h, ) = 0 for all h € H, we have Q'/?zy = 0 and so Qz¢ = 0, which
yields xg = 0.

Let Ker @ = {0}. We are now going to introduce an isomorphism W
from H into L?(H, Ng) that will play an important réle in the following.
The isomorphism W is defined by

f € Q'*(H) — Wy € L*(H,Ng), Wy(z)=(Q '*f,z), z € H.
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By (1.2.7) it follows that

/ Wi(x)Wy(2)N(dx) = (f.g), f.g € H.

Thus W is an isometry and it can be uniquely extended to all of H. It will
be denoted by the same symbol. For any f € H, W; is a real Gaussian
random variable N2

More generally, for arbitrary elements fi, ..., fn, (Wy,, ..., Wy, ) is a Gaus-
sian vector with mean 0 and covariance matrix ((f;, f;)). If Ker @ # {0}
then the trasformation f — W; can be defined in exactly the same way but

only for f € Hy = Q/2(H). We will write in some cases (Q~/2y, f) instead
of Wf (y)
The proof of the following proposition is left as an exercise to the reader.

Proposition 1.2.6 For any orthonormal sequence (fy,) in H, the family
1, Wy, W, Wy, 272 (WE —1), mn,k,l €N, k#1,

is orthonormal in L?(H, Ng).

Wy

Next we consider the function f — e

Proposition 1.2.7 The transformation f — eV acts continuously from H
into L?(H, Ng), and

/ewmeQ(dfv) e
H
(1.2.9)
/ei ’\Wf(x)NQ(dw) = e*%/\Q‘ﬂQ, AeR.
H

Proof. Since Wy is Gaussian with law Ny 2, (1.2.9) follows. Moreover,
taking into account (1.2.8) it follows that

/ W — )2 AN = / (25— 2eWra 4 W] dNy
H H

_ 2P okl L 2lel? {em? _ €|g|2r 4 9l Hl? {1 el

which shows that W is locally uniformly continuous on H. O
Let us define the determinant of 1+ 5 where S is a compact self-adjoint
operator in Ly (H) :

o0
det (14 5) = H 1+ s1),
k=1
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where (sg) is the sequence of eigenvalues of S (repeated according to their
multiplicity).

Proposition 1.2.8 Assume that M is a symmetric operator such that
QY2MQY? <1, (%) and let b € H. Then

/H exp {;<My, y) + (b, y>} Ne(dy)

_ [det(l _ QI/ZMQIM)} —1/2 exp {;Kl _ Q1/2MQ1/2)—1/2Q1/2b|2} ‘
(1.2.10)

Proof. Let (g,,) be an orthonormal basis for the operator QY2MQY2, and
let (,,) be the sequence of the corresponding eigenvalues.

Claim 1. We have

Z Q'%b, g )W, o (2), Ng-a.e.
k=1
Claim 2. We have
(Mx,x) nyn]Wgn NQ—a.e,

the series being convergent in L'(H, Ng).
We shall only prove the more difficult second claim.
Let Py = Zivzl er @ eg. (*) Then for any = € H we have

(MPyz, Pyz) = ((QY?MQY?)Q Y?Pyz,QY/?Pyz)

= Z((QI/QMQI/Q)Q_UQPNCE, g Q™ Py, gn)

n=1

= Z’Yn’<Q71/2PN‘T79n>|2'

Consequently, for each fixed x

(MPyx,Pyz) =Y n|Weyg, >, N €N.

n=1

3This means that (Q'/?MQ"%zx,z) < |z|? for any = € H different from 0.
“We rember that (ey) is the sequence of eigenvectors of Q.
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Moreover for each L € N

‘ MPyz, Pyz) — EEI’WJVVPNgn’ Ne(dx)

[e.e]

<3 bl / Wpyg 2N (dz)
n=L+1 H
o0 o0
= Y Il PvgalP < Y ol
n=L+1 n=L+1

As N — oo then Pyx — z and Wpy,, — W,, in L*(H,Ng). Passing to
subsequences if needed, and using the Fatou lemma, we see that

L 00
‘(Mw,@ = W, nIQ‘ No(dz) < > |yl
n=1 n=L+1

Therefore the claim is proved.
By the claims it follows that

exp {;<M:Jc,x> + b, x>}

L
L 1 2 1/2
—ngr;oeXp{E 57| Wou (@) + (@770, 9) W gn() o

n=1

with a.e. convergence with respect to Ng for a suitable subsequence. Using
the fact that (Wg,,) are independent Gaussian random variables, we obtain,
by a direct calculation, for p > 1,

L
exp {pZ Sl Wou () +p(@Y%, gn>Wgn<x>} No(d)

n=1

L —1/2 1 00 \(Ql/Qb,gn)P
= [H(l—p%)] eXp{2;1_p% }
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Since v, < 1, and Y7 |n| < 00, there exists p > 1 such that py, < 1, for
all n € N. Therefore

L
, _ 1[(Q"2b, gn)|”
1 1_ 1/2 “NRw Ton/l
Jim ) ) (1= pyn) ™ exp { 5 1

L

So the sequence (exp {Z [;%\Wgn () + (QY2b, gn)W,, (x)] }> is uni-

n=1
formly integrable. Consequently, passing to the limit, we find

/H exp {1/2 (My, ) + (b,4)} No(dy)

L
= lim / exp {Z [1/2 V| Wo, ()% + (Q"/?, )Wy, (a:)} } Ng(dx)

L—oo
n=1
H
L

) B 1 1/2b, n 2
:l}ggon:1(1_,yn) 1/26Xp{2’<Q1_,Yi >‘ }

- - 1(Q"%b, gn)|?
_ 1 — )1/ < )

T0- exp{2 [

_ (det(l _ Q1/2MQ1/2))*1/2 exp {;‘(1 _ QI/QMQI/z)_1/2Q1/2b]2} O

Remark 1.2.9 It follows from the proof of the proposition that

(Mx,x) Z'anZ \[Z'y[ 1/2 —1}—1-2%”
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and so, by Proposition 1.2.6, we have

o0 o0 2
/[(M%ﬂf)]QNQ(dﬂﬂ) = 2) Y+ (Z%)
H k=1 k=1

2|QPMQ? |7, iy + (Tr QVZMQ'?)?
< +oo.
Proposition 1.2.10 Let T' € Li(H). Then there exists the limit
(TQ™Y?y,Q™Y?y) := lim (TQ™'* Py, Q" '*Poy), No-a.e.,

where Py, =Y 1, e, ® eg.
Moreover we have the following expansion in L*(H, Ng):

o e}

(TQ™'2y, Q7' 2y) =3 (T gn) + > (TG0, 9m) Wy, W,
n=1 m#n=1

V2 i(Tgn,gn> 272wz )] (2
n=1

The proof of the following result is similar to that of Claim 2 in the proof
of Proposition 1.2.8 and it is left to the reader.

Proposition 1.2.11 Assume that M is a symmetric trace-class operator
such that M < 1,(°) and b € H. Then

| exo{1/2 (41Q72.Q729) + (0,072 } No(ay)

= (det(1 — M))"H? alA=M)720 (1 9 19)

1.3 Absolute continuity of Gaussian measures

We consider here two Gaussian measures u, v. We want to prove the Feldman-
Hajek theorem , that is they are either singular or equivalent.

®That is (Mz,z) < |z|? for all z # 0.
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In §1.3.1 we recall some results on equivalence of measures on R* in-
cluding the Kakutani theorem. In §1.3.2 we consider the case when i = Ng
and v = N, g with Q € L] (H) and a € H, proving the Cameron-Martin
formula. Finally in §1.3.3 we consider the more difficult case when u = Ng
and v = Ng with Q, R € L{ (H).

1.3.1 Equivalence of product measures in R*

It is convenient to introduce the notion of Hellinger integral.
Let p,v be probability measures on a measurable space (FE,E&). Then
A= %(u + v) is also a probability measure on (E, ) and we have obviously

n<< A U<
We define the Hellinger integral by

) = [ |5 ) ).

Instead of & (u+v) one could choose as A any measure equivalent to 5 (u+v)
without changing the value of H(u,v).
By using Holder’s inequality we see that

)P < [ @) [ F@ae) =1

so that 0 < H(u,v) < 1.

Exercise 1.3.1 (a) Let ¢ = N, and v = N, 4, where a € R and ¢ > 0.
Show that we have

a2

H(p,v)=e 1. (1.3.1)

(b) Let u = Ny and v = N,, where ¢, p > 0. Show that we have

4 1/4
ap } (1.3.2)

Hip,v) = [(q +p)?

Proposition 1.3.2 Assume that H(p,v) = 0. Then the measures p and v
are singular.



Gaussian measures 19

Proof. Set o = Z’;, %. Since H(pu,v) = [o Va3 d\ = 0, we have

af =0, Ma.e. Consequently, setting
A={weQ: a(w) =0}, B={weQ: f(w)=0},

we have A(AU B) = 1. This means that A\(C') = 0 where C' = Q\(AU B),
and hence p(C) = v(C) = 0. Then, as

,u(A):/ad)\zo, V(B):/ Bd\x =0,

A B

we have that p and v are singular since
pw(AuC)=v(B)=0, (AUC)NB=0.0

Proposition 1.3.3 Let G C & be a o-algebra, and let pug and vg be the
restrictions of u and v to (E,G). Then we have H(u,v) < H(ug,vg).

Proof. Let A\g be the restriction of A to (E,G). It is easy to check that

dug dl/g dv 6
e =5 () g = () vae)

Consequently we have (7)
" v 1/2
H(ug, v :/ [E (Q)E (g)] dA.
(hg,vg) o d/\‘ A d)\’

1/2
|:Cdl—//< %} / du dv
< dA d\

1
B (319) B (19)] 2 \Ba (%19) B (KI9) )

taking conditional expectations of both sides one finds, A-a.e.,

[E,\ (;l’;(g> Ey (fli g)]m > Ey ((j‘;)m < )1/2(g> (1.3.3)

ION (n]G) is the conditional expectation of the random variable n with respect to G and
measure \.

Since A-a.e.

"For positive numbers a, b, ¢, d, “—Z < % 2+ %)
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Integrating with respect to A both sides of (1.3.3), the required result follows.
U

Now let us consider two sequences of measures () and (v) on (R, B(R))
such that v, ~ pg for all k € N. We set A\ = %(,uk + 1), and we consider
the Hellinger integral

y 1/2
() = [ [f/jz@c)fm‘:(@} Ae(da), k €N,

Remark 1.3.4 Since (ux) and (1) are equivalent, we have

dpg dvy  dpg dvg dpg, — dyy, (M)z

d\e dNp dN dug dhe dpe \dMg
Thus
dv, 1/2
Hn) = [ | 5@ o) (1.3.4)
R LOHE

We also consider the product measures on R

0o 0o
n= Hukv V= HVk7
k=1 k=1

and the corresponding Hellinger integral H(u,v). As is easily checked we
have

H(p,v) = | | H (e, vio)-

8

k

Il
—

Proposition 1.3.5 (Kakutani) If H(u,v) > 0 then p and v are equiva-
lent. Moreover

dv v 7T e

= 7 (zx), © € R™, p-a.e. (1.3.5)
e Mk

Proof. We set
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We are going to prove that the sequence (f,) is convergent on
LY (R, B(R*), it). Let m,n € N, then we have

/

F @) — £ )

ROQ
dl/k et duy, 1/2 ?
— — -1 dx
Hduk 1L (@) =1 ulan)
ROO
duy, il duy, 1/2 ?
= ) (dx < ) — 1| wp(dz
1) Gt [ TT (G (dz)
Roo Roo
Consequently
18 @) = 122 Putao)
n+p n+p 1/2
dv dv
k=n+1 Mk k=n+1 Hik
ROO
n+p 1/2
dv,
—2|1- (@) mwlan)
k=n+1 Pk
R
n-+p
=2 (1— 11 H(uk,yk)>. (1.3.6)
k=n+1

On the other hand we know by assumption that

= HH(NkaVk) >0
k=1

or, equivalently, that

—log H(p, v Zlog (g, vg)] < 4o0.
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Consequently, for any € > 0 there exists n. € N such that if n > n. and

p € N, we have
- Z log[H (pur, vi)] <
By (1.3.6) if n > n. we have

/Roo IV Frtp — ValPdu < 2(1 — €79

Thus the sequence ( f}/ 2) is convergent on L%(R>, B(R™), 1) to some func-

tion f1/2. Therefore f, — f in L'(R>®, B(R®), u).

Finally, we prove that v << p and f = d—; Let ¢ be a continuous

bounded Borel function on R, and set ¢, () = ¢(P,(x)), x € R, where
P,z ={z1,...,2,,0,0,...}. Then we have

/ p(Pa)(dr) = / o(Pa) m(de) ()

_ / n ¢(an)6l;11(x1) N 3:7; (@) j2(d1) - - i ()

— [ _ePu)ulouldo)
Letting n tend to infinity, we find
[ eantin) = [ o) @)

so that v << pu. Finally, by exchanging the roles of 1 and v, we find p << v.
O

1.3.2 The Cameron-Martin formula

We consider here the measures u = N, and v = Ng, and for any a €

Q'/2(H) we set
pa(x) = exp {—;IQ‘W&IQ +(Q ' a, Q—1/2x>} ,xeH.  (13.7)

Let us recall, see §1.2.4, that W (x) = (f,Q~'/?z) was defined for all f €
QY/2(H). Since Q~/2a € QY/?(H) the definition (1.3.7) is meaningful.





